On the spectral moment of quasi-trees  by Pan, Xiang-Feng et al.
Linear Algebra and its Applications 436 (2012) 927–934
Contents lists available at SciVerse ScienceDirect
Linear Algebra and its Applications
journal homepage: www.elsevier .com/locate/ laa
On the spectral moment of quasi-trees<
Xiang-Feng Pana, Xiuguo Liub, Huiqing Liub,∗
a
School of Mathematical Sciences, Anhui University, Hefei 230601, China
b
School of Mathematics and Computer Science, Hubei University, Wuhan 430062, China
A R T I C L E I N F O A B S T R A C T
Article history:
Received 1 October 2010
Accepted 26 April 2011
Available online 4 November 2011
Submitted by R.A. Brualdi
AMS classification:
05C50
15A18
Keywords:
Spectral moment
Tree
Quasi-tree
A connected graph G = (V, E) is called a quasi-tree, if there ex-
ists u0 ∈ V(G) such that G − u0 is a tree. Denote Q(n, d0) =
{G : G is a quasi-tree graph of order nwith G − u0 being a tree and
dG(u0) = d0}. Let A(G) be the adjacency matrix of a graph G, and
let λ1(G), λ2(G), . . . , λn(G) be the eigenvalues in non-increasing
order of A(G). The number
∑n
i=1 λki (G) (k = 0, 1, . . . , n − 1) is
called the kth spectral moment of G, denoted by Sk(G). Let S(G) =
(S0(G), S1(G), . . . , Sn−1(G)) be the sequence of spectral moments
of G. For two graphs G1, G2, we have G1 ≺S G2 if for some k (k =
1, 2, . . . , n−1), we have Si(G1) = Si(G2) (i = 0, 1, . . . , k−1) and
Sk(G1) < Sk(G2). In this paper,wedetermine the last and the second
last quasi-tree, in an S-order, in the setQ(n, d0), respectively.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
All graphs considered here are finite and simple. Undefined terminology and notation may refer to
[1]. Let G = (V, E) be a simple undirected graphwith n vertices. For v ∈ V(G), we useNG(v) to denote
the neighbor of v in graph G and set dG(v) = | NG(v) |. A leaf of a graph is a vertex of degree one. We
will use G − x or G − xy to denote the graph that arises from G by deleting the vertex x ∈ V(G) or the
edge xy ∈ E(G). Similarly, G + xy is a graph that arise from G by adding an edge xy /∈ E(G), where
x, y ∈ V(G). If there is only one vertex u ∈ V(T)with dT (u) = t  3 and dT (v)  2 for v ∈ V(T)\{u},
then we call T a t-tree.
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Let A(G) be the adjacency matrix of a graph G, and let λ1(G), λ2(G), . . . , λn(G) be the eigenvalues
in non-increasing order of a graph G. The number
∑n
i=1 λki (G) (k = 0, 1, . . . , n − 1) is called the kth
spectral moment of G, denoted by Sk(G). Note that S0 = n, S1 = l, S2 = 2m, S3 = 6t, where n, l,m, t
denote the number of vertices, the number of loops, the number of edges and the number of triangles
respectively (see [2]). Let S(G) = (S0(G), S1(G), . . . , Sn−1(G)) be the sequence of spectral moments
of G. For two graphs G1, G2, we shall write G1 =S G2 if Si(G1) = Si(G2) for i = 0, 1, . . . , n − 1.
Similarly, we have G1 ≺S G2 (G1 comes before G2 in an S-order) if for some k (1 ≤ k ≤ n − 1), we
have Si(G1) = Si(G2)(i = 0, 1, . . . , k − 1) and Sk(G1) < Sk(G2). We shall also write G1 S G2 if
G1 ≺S G2 or G1 =S G2. S-order had been used in producing graph catalogs (see [4]), and for a more
general setting of spectral moments, see [3].
Up to now, few results on the S-order of graphs are obtained. Cvetkovic´ and Rowlinson [5] studied
the S-order of trees and unicyclic graphs and characterized the first and the last graphs, in an S-order,
of all trees and all unicyclic graph with given girth, respectively. Wu and Fan [9] determined the first
and the last graphs, in an S-order, of all unicyclic graphs and bicyclic graphs, respectively. Pan et al. [6]
gave the first
∑ n−1
3

k=1
(
 n−k−1
2
 − k + 1
)
graphs apart from a path, in an S-order, of all trees with n
vertices. In [7] and [8], Wu and Liu determined the last  d
2
 + 1 and the last  g
2
 + 2, in an S-order,
among all trees of order n and diameter d (4 ≤ d ≤ n−3) and all unicyclic graphs of order n and girth
g (3 ≤ g ≤ n − 3), respectively.
A connected graph G is called a quasi-tree if there exists u0 ∈ V(G) such that G − u0 is a tree. Let
Q(n, d0)={G : G is aquasi-treegraphofordernwithG−u0 beinga treeanddG(u0) = d0}. Thend0  1.
In this paper, we will present the last and the second last, in an S-order, of quasi-trees in the set
Q(n, d0) (1 ≤ d0 ≤ n − 1).
We first give some lemmas that will be used in the proof of our results.
Lemma 1.1 [2]. The kth spectral moment of G is equal to the number of closed walks of length k.
Let F be a graph. An F-subgraph of G is a subgraph of G which is isomorphic to the graph F . Let
φG(F) (or φ(F)) be the number of all F-subgraphs of G.
Let Pn, Cn, Sn be a path, a cycle and a star K1,n−1 of order n, respectively. Let S∗n be a graph obtained
from a star Sn−1 by attaching a leaf to one leaf of Sn−1. Let Un be a graph obtained from Cn−1 by
attaching a leaf to one vertex of Cn−1.
Lemma 1.2. For every graph G, we have
(i) S4(G) = 2φ(P2) + 4φ(P3) + 8φ(C4) (see [4]);
(ii) S5(G) = 30φ(C3) + 10φ(U4) + 10φ(C5) (see [7]).
Let Qn,d0 be a graph obtained from a star Sn−1 and an isolated vertex u0 by adding an edge joining
u0 to the center of Sn−1, and d0 −1 edges joining u0 to the leaves of Sn−1, respectively. Then Qn,1 ∼= Sn.
LetQ∗n,1 ∼= S∗n , and letQ∗n,d0 (2 ≤ d0 ≤ n−2) be a graph obtained from a graphQn−1,d0 by attaching
a leaf to one vertex of degree 2 in Qn−1,d0 , and let Q∗n,n−1 be a graph obtained from a graph S∗n−1 and
an isolated vertex u0 by adding n − 1 edges joining u0 to each vertex of S∗n−1.
Let Q ′n,d0 (1 ≤ d0 ≤ n − 2) be a graph obtained from a star Sn−1 and an isolated vertex u0 by
adding d0 edges joining u0 to the leaves of Sn−1. Then Q ′n,1 ∼= S∗n , and Qn,d0 ,Q∗n,d0 ,Q ′n,d0 ∈ Q(n, d0).
For example, Q6,d0 ,Q
∗
6,d0
, d0 = 2, 3, 4, 5 and Q ′6,d0 , d0 = 2, 3, 4 are shown in Fig. 1, respectively.
2. The last quasi-tree inQ(n, d0)
In this section, we always assume that G ∈ Q(n, d0) (n ≥ 4) with V(G) = {u0, u1, . . . , un−1}.
Denote G′ = G − u0. Choose a vertex u1 ∈ V(G′) such that dG′(u1) = (G′) ≥ 2.
Lemma 2.1. Suppose that u0u1 /∈ E(G), then there is a graph G∗ ∈ Q(n, d0) such that G ≺S G∗.
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Fig. 1.
Fig. 2.
Proof. Since d0  1, there is a vertex ui ∈ V(G′) \ {u1} (i ≥ 2) such that u0ui ∈ E(G). Let dG′(u1) = k
and dG′(ui) = l, then k  2 and l  1. Since G′ is a tree, there is a unique (u1, ui)-path Q in G′. Denote
NG′(u1) = {v1, v2, . . . , vk}. Without loss of generality, we assume that v1 ∈ V(Q). Set
G∗ = G − {u1v2, u1v3, . . . , u1vk} + {uiv2, uiv3, . . . , uivk}.
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Then G∗ ∈ Q(n, d0). Now we will show that G ≺S G∗.
If d0 = 1, then Si(G) = Si(G∗) (i = 1, 2, 3). Since k  2, l  1, then
φG(P3) − φG∗(P3) =
(
k
2
)
+
(
l + 1
2
)
−
(
k + l
2
)
= −l(k − 1) < 0.
Note that φG(C4) = φG∗(C4) = 0. Hence, by Lemma 1.2, we have
S4(G) − S4(G∗) = 4(φG(P3) − φG∗(P3)) + 8(φG(C4) − φG∗(C4)) < 0.
Thus G ≺S G∗.
Therefore, we assume that d0  2. Set p = |NG(u0) ∩ {v2, . . . , vk}|. Note that Si(G) = Si(G∗)(i =
1, 2). We consider two cases.
Case 1. NG(u0) ∩ {v2, . . . , vk} = ∅.
In this case, p ≥ 1. Note that u0uivju0 is a triangle in G∗ but not in G for any vj ∈ NG(u0) ∩{v2, . . . , vk}. Moreover, if G contains a triangle, then there is the same triangle other than u0uivju0 in
G∗, and vice versa. Hence
S3(G) − S3(G∗) = −6p < 0.
Thus G ≺S G∗.
Case 2. NG(u0) ∩ {v2, . . . , vk} = ∅.
In this case, we set q = ∑ki=2 |NG(u0) ∩ NG(vi)| and note that
S3(G) = S3(G∗) and φG(P3) − φG∗(P3) = −l(k − 1) < 0.
Suppose NG(u0) ∩ NG(vj) = ∅, and let w ∈ NG(u0) ∩ NG(vj) for some 2 ≤ j ≤ k. Then u0uivjwu0
is a 4-cycle C4 in G
∗ but not in G. Note that if u1vawabvbu1 is a 4-cycle in G, then uivawabvbui is also
a 4-cycle in G∗, where 2 ≤ a, b ≤ k and wab ∈ N(va) ∩ N(vb). Moreover, if G contains a 4-cycle
C4 = u1vawabvbu1, then there is the same 4-cycle other than uivawabvbui in G∗, and vice versa. So
φG(C4) − φG∗(C4) = −q  0.
Hence, by Lemma 1.2, we have
S4(G) − S4(G∗) = 4(φG(P3) − φG∗(P3)) + 8(φG(C4) − φG∗(C4)) < 0. Thus G ≺S G∗. 
In order to get the last graph in an S-order of all the quasi-trees, from Lemma 2.1, we only need to
discuss those graphs in G ∈ Q(n, d0) with u0u1 ∈ E(G).
DenoteQ′(n, d0) = {G : G ∈ Q(n, d0), u0u1 ∈ E(G)}. Then Qn,d0 ∈ Q′(n, d0).
Theorem 2.2. Let G ∈ Q′(n, d0) \ {Qn,d0}. Then G ≺S Qn,d0 .
Proof. Firstwenote thatG′ is not a star.Hence there exists a vertexu2 ∈ NG′(u1) such thatdG′(u2) ≥ 2.
Let NG′(u2) \ {u1} = {v1, v2, . . . , va}, then dG′(u2) = a + 1 and a ≥ 1. Suppose dG′(u1) = k ≥ 2.
Then k ≥ a + 1. Let
G∗ = G − {u2v1, u2v2, . . . , u2va} + {u1v1, u1v2, . . . , u1va}.
Then G∗ ∈ Q′(n, d0). Next we will show that G ≺S G∗. Note that Si(G) = Si(G∗) (i = 1, 2). We
consider the following two cases.
Case 1. u0u2 /∈ E(G).
If there exist vi such that u0vi ∈ E(G) for some 1  i  a, then u0viu1u0 is a triangle in G∗ but not
in G. Moreover, if G contains a triangle, then there is the same triangle other than u0viu1u0 in G
∗, and
vice versa. So we have
S3(G) − S3(G∗) < 0.
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Thus G ≺S G∗. Therefore we assume that u0vi /∈ E(G) for all i, 1  i  a. Then S3(G) = S3(G∗). In
the following, we consider the number of C4 and P3 in G and G
∗, respectively. It is easy to see that if
w ∈ NG(u0) ∩ NG(vi) for some i, 1  i  a, then u0u1viwu0 is a 4-cycle in G∗ but not in G. Moreover,
if G contains a 4-cycle C4, then there is the same 4-cycle other than u0u1viwu0 in G, and vice versa. So
φG(C4) − φG∗(C4)  0. Note that
φG(P3) − φG∗(P3) =
(
k + 1
2
)
+
(
a + 1
2
)
−
(
k + a + 1
2
)
= −ak < 0.
Hence, by Lemma 1.2, we have
S4(G) − S4(G∗) = 4(φG(P3) − φG∗(P3)) + 8(φG(C4) − φG∗(C4)) < 0.
Thus G ≺S G∗.
Case 2. u0u2 ∈ E(G).
In this case, we consider two subcases.
Subcase 2.1. u0vi /∈ E(G) for all i, 1  i  a.
In this subcase,wefirst note that S3(G) = S3(G∗), and ifw ∈ NG(u0)∩NG(vi) for some i, 1  i  a,
then u0u2viwu0 is a 4-cycle in G not in G
∗, and u0u1viwu0 is also a 4-cycle in G∗ not in G. Moreover, if
G contains a 4-cycle C4 = u0u2viwu0, then there is the same 4-cycle other than u0u1viwu0 in G∗, and
vice versa. So we have φG(C4) = φG∗(C4). Note that
φG(P3) − φG∗(P3) =
(
k + 1
2
)
+
(
a + 2
2
)
−
(
k + a + 1
2
)
−
(
2
2
)
= a(1 − k) < 0.
Hence, by Lemma 1.2, we have
S4(G) − S4(G∗) = 4(φG(P3) − φG∗(P3)) + 8(φG(C4) − φG∗(C4)) < 0.
Thus G ≺S G∗.
Subcase 2.2. u0vi ∈ E(G) for some i, 1  i  a.
In this subcase, u0u2viu0 is a triangle in G not in G
∗ and u0u1viu0 is a triangle in G∗ not in G∗.
Moreover, if G contains a triangle C3 = u0u2viu0, then there is the same triangle other than u0u1viu0
in G∗, and vice versa. Thus S3(G) = S3(G∗).
Note that u0viu2u1u0 is a 4-cycle in G not in G
∗ and u0viu1u2u0 is a 4-cycle in G∗ not in G. On the
other hand, if there is a vertex w ∈ NG(u0) ∩ NG(vt) for some t, 1  t  a, then u0u2vtwu0 is a
4-cycle in G not in G∗ and u0u1vtwu0 is also a 4-cycle in G∗ not in G. Moreover, if G contains a 4-cycle
C4 = u0u2vtwu0 and C4 = u0vtu2u1u0, then there is the same 4-cycle other than u0u1vtwu0 and
u0viu1u2u0 in G
∗, and vice versa. So we have φG(C4) = φG∗(C4). Note that
φG(P3) − φG∗(P3) =
(
k + 1
2
)
+
(
a + 2
2
)
−
(
k + a + 1
2
)
−
(
2
2
)
= a(1 − k) < 0.
Hence G ≺S G∗.
Finally, if G∗ ∼= Qn,d0 , then G ≺S G∗ =S Qn,d0 . Otherwise, repeating the above discussion, we have
G ≺S G∗ ≺S . . . =S Qn,d0 . 
By Lemma 2.1 and Theorem 2.2, we have
Theorem 2.3. For any G ∈ Q(n, d0) \ {Qn,d0}, we have
G ≺S Qn,d0 .
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3. The second last quasi-tree inQ(n, d0)
In this section, we will present the last quasi-tree in G ∈ Q(n, d0) \ {Qn,d0}. Let Q1,Q2,Q3 be three
graphs inQ(n, d0) as follows (see Fig. 2).
Proposition 3.1. Let Q ′n,d0 , Q
∗
n,d0
and Qj, j = 1, 2, 3 be five graphs defined above. Then
(i) Q ′n,d0 ≺S Q∗n,d0 , Q2 ≺S Q∗n,d0 , Q3 ≺S Q∗n,d0 for d0 ≥ 2;
(ii) Q1 ≺S Q∗n,d0 for d0 ≥ 3 and n ≥ 6.
Proof. Note that Si(Q
′
n,d0
) = Si(Q∗n,d0) = Si(Qj) for i = 1, 2 and j = 1, 2, 3.
(i) Since S3(Q
′
n,d0
) = 0 < S3(Q∗n,d0) for d0 ≥ 2, we have Q ′n,d0 ≺S Q∗n,d0 .
Note that S3(Q2) = S3(Q∗n,d0), φQ∗n,d0 (C4) − φQ2(C4) =
(
d0
2
)
−
(
d0
2
)
= 0 and
φQ∗n,d0
(P3) − φQ2(P3) =
(
3
2
)
−
(
2
2
)
= 1 > 0.
By Lemma 1.2, we have
S4(Q
∗
n,d0
) − S4(Q2) = 4
(
φQ∗n,d0
(P3) − φQ2(P3)
)
+ 8
(
φQ∗n,d0
(C4) − φQ2(C4)
)
> 0.
Thus Q2 ≺S Q∗n,d0 .
Clearly, S3(Q
∗
n,d0
) − S3(Q3) = 1 > 0. Thus Q3 ≺S Q∗n,d0 .
(ii) Note that S3(Q1) = S3(Q∗n,d0) and φQ∗n,d0 (P3) − φQ1(P3) = 0. If d0 ≥ 4, then
φQ∗n,d0
(C4) − φQ1(C4) =
(
d0 − 1
2
)
−
((
d0 − 2
2
)
+ 1
)
= d0 − 3 > 0. (∗)
By Lemma 1.2, we have
S4(Q
∗
n,d0
) − S4(Q1) = 4(φQ∗n,d0 (P3) − φQ1(P3)) + 8(φQ∗n,d0 (C4) − φQ1(C4)) > 0.
Thus Q1 ≺S Q∗n,d0 .
If d0 = 3 and n ≥ 6, then S4(Q∗n,d0) = S4(Q1), φQ1(C5) = φQ∗n,d0 (C5) = 0 and
φQ1(U4) − φQ∗n,d0 (U4) = (n − d0 − 1) − 2(n − d0 − 2) − 1 = −(n − d0 − 2) < 0.
Thus, by Lemma 1.2, S5(Q1) − S5(Q∗n,d0) < 0. Hence Q1 ≺S Q∗n,d0 . 
In the following, we always assume that G ∈ Q(n, d0) \ {Qn,d0}, n ≥ 5, 1 ≤ d0 ≤ n − 1 with
V(G) = {u0, u1, . . . , un−1}. Denote G′ = G − u0. Choose a vertex u1 ∈ V(G′) such that dG′(u1) =
(G′) ≥ 2.
Lemma 3.2. Suppose that u0u1 /∈ E(G). Then there is a graph G∗∗ ∈ Q(n, d0) \ {Qn,d0} such that
G S G∗∗, and further, G ≺S G∗∗ when d0 ≥ 2.
Proof. Since G is connected and d0  1, there is a vertex ui ∈ V(G′) \ {u1} (i ≥ 2) such that
u0ui ∈ E(G). Since G′ is a tree, there is a unique (u1, ui)-path Q in G′. Choose ui such that dG′(ui) is
as large as possible. If dG′(ui) = 1 and G′ ∼= Sn−1, then G ∼= Q ′n,d0 , and thus G =S Q ′n,d0 =S Q∗n,d0
for d0 = 1, G =S Q ′n,d0 ≺S Q∗n,d0 for d0 ≥ 2. Thus we may assume that dG′(ui) ≥ 2 or dG′(ui) = 1
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and G′  Sn−1. Denote NG′(u1) = {v1, v2, . . . , vk}, k ≥ 2. Without loss of generality, we assume that
v1 ∈ V(Q). Set
G∗∗ =
⎧⎨
⎩ G − {u1v3, . . . , u1vk} + {uiv3, . . . , uivk}, if dG
′(ui) ≥ 2,
G − {u1v2, . . . , u1vk} + {uiv2, . . . , uivk}, if dG′(ui) = 1 and G′  Sn−1.
ThenG∗∗ ∈ Q(n, d0)\{Qn,d0}. By an argument similar to theproof of Lemma2.1,wehaveG ≺S G∗∗. 
Theorem 3.3. Let G ∈ Q(n, d0) \ {Qn,d0 ,Q∗n,d0}. Then G ≺S Q∗n,d0 .
Proof. By Lemma 3.2, we can assume that u0u1 ∈ E(G).
Since G ∼= Qn,d0 , G′ is not a star. If G′ ∼= S∗n−1, then G ∼= Q1 (when n ≥ 6 and d0 ≥ 3), or G ∼= Q2,
or G ∼= Q3 as G ∼= Q∗n,d0 . Thus, by Proposition 3.1, G =S Qi ≺S Q∗n,d0 , i = 1, 2, 3. Therefore we assume
that G′ ∼= S∗n−1.
If there is a vertex ui ∈ V(G) (i ≥ 2) such that dG′(ui) ≥ 3. Denote NG′(ui) = {v1, v2, . . . , va},
where a ≥ 3, v1 is the unique vertex belonging to the unique (u1, ui)-path in G′. Let
G∗∗ = G − {uiv3, . . . , uiva} + {u1v3, . . . , u1va}.
Then G∗∗ ∈ Q(n, d0) \ {Qn,d0 ,Q∗n,d0}. By an argument similar to the proof of Theorem 2.2, we have
G ≺S G∗∗. Therefore we may assume that G′ is a k-tree.
Let V∗ = {u : u ∈ V(G′), dG′(u) = 2} and t = |V∗|. Then t ≥ 2 as G′ ∼= S∗n−1. Let u2 ∈ V∗
with NG′(u2) = {u1, u3}. Let G∗∗ = G− u2u3 + u1u3. Then G∗∗ ∈ Q(n, d0) \ {Qn,d0}. By an argument
similar to the proof of Theorem 2.2, we have G ≺S G∗∗. If t = 2, then G∗∗ ∼= Q∗n,d0 , and hence the
result holds. If t ≥ 3, then repeating the above, we can get a sequence of graphs G3∗, . . . , G(t−1)∗ ∈
Q(n, d0) \ {Qn,d0 ,Q∗n,d0} and Gt∗ ∼= Q∗n,d0 such that
G ≺S G∗∗ ≺S G3∗ ≺S · · · ≺S G(t−1)∗ ≺S Gt∗ =S Q∗n,d0 .
Therefore the proof of the theorem is complete. 
Note thatQ(n, 1) is the set of all trees, and hence by Theorems 2.3 and 3.3, we have the following
result.
Corollary 3.4. For any tree T of order n, we have
(i) T S Sn and T =S Sn if and only if T ∼= Sn (see [5]);
(ii) if T  Sn, then T S S∗n and T =S S∗n if and only if T ∼= S∗n .
Note that if we add an edge e to a connected graph G, then G ≺S G + e as |E(G + e)| > |E(G)|. So
we have the following result.
Proposition 3.5. Qn,d0 ≺S Qn,d0+1 and Q∗n,d0 ≺S Q∗n,d0+1 for 1 ≤ d0 ≤ n − 2.
By Proposition 3.5, Theorems 2.3 and 3.3, we have the following results.
Theorem 3.6. Let G be a quasi-tree of order n. Then G S Qn,n−1 and G =S Qn,n−1 if and only if
G ∼= Qn,n−1. Moreover, if G  Qn,n−1, then G S Q∗n,n−1 and G =S Q∗n,n−1 if and only if G ∼= Q∗n,n−1.
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